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DEVELOPMENT OF EXPLICIT STIFFNESS AND MASS
MATRICES FOR A TRIANGULAR PLATE ELEMENT

H, A, SLYPER

Department of Mechanical Engineering, University College of South Wales and Monmouthshire

Abstract-Explicit transverse bending stiffness and mass matrices are developed for a triangular finite element
having a linear thickness variation, This element is more suitable for general application than the triangular
and rectangular elements previously described for determining the static deflections and vibrational character­
istics of plates in transverse bending.

The matrices are applied to determine the natural frequencies of vibration of a cantilever of square plan-form
having a triangular cross-section.

INTRODUCTION

THE simplest finite elements for determining the transverse static deflections and
vibrational characteristics of plates are the triangle and rectangle, the former being more
suitable for components of non-rectangular or irregular plan-form, Stiffness and mass
matrices for triangular elements of constant thickness have been developed by Severn
and Taylor [IJ based on a stress relationship over the area of the element, while Bazeley
et al. [2J have defined a suitable displacement function. Matrices have also been developed
by Dawe [3J for a rectangular element having a uniform thickness variation parallel to
one pair of sides, but this element is limited in application, Argyris [4] has indicated a
method for deriving the stiffness matrix in bending for a triangular element of non-uniform
thickness although he does not appear to have produced the actual matrices in algebraic
form.

Transverse stiffness and mass matrices are now developed in algebraic form for a
general triangular element having a linear thickness variation so that the above approxi­
mation of average thickness is no longer necessary, The method of derivation is now
well established and use is made of the deflection function described in [2] and by
Zienkiewicz [5].

THE STIFFNESS MATRIX

The transverse stiffness of an arbitrary triangular plate element 123 of area 1\ as
shown in Fig, 1 is given by:

F = K15

where
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FIG. I. Typical triangular element.

and K is the stiffness matrix of the element. Fj and b1 represent the components of the
forces and corresponding displacements acting at node 1 in the triangle as shown in the
figure such that:

By assuming a suitable displacement function, Zienkiewicz [5] has shown for an
element of uniform thickness:

K = rr[B*Y[D][B*] dx dy

where D is a 3 x 3 matrix relating the elastic properties of the material of the element and
its thickness and B* is a 3 x 6 matrix derived from the assumed displacement equation.

It is here assumed that the same displacement function applies but that the thickness
of the element t varies linearly over the element, being t l' t 2 and t 3 at the three nodes
respectively. On substituting for the variable thickness and integrating over the area of
the element it may be shown that the stiffness matrix reduces to

K = [FY[L][F]

where L is expressed in partitioned form as

E [RL = --~;- vR
12(1-v2

) 0

Matrices F and R are given in Tables 1 and 2 respectively.
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TABLE I. MATRIX F

- 2(2bj +bj +bj) b,b,(b, - b,) 4b,(b,c, -b,c,) 2b,(b,-2b,) -b,b,(2b, +b, -b,) b,(b,c, -b,c,) 2b,(b,-2b,) b,b,(2b,-b, +b,) b,c,(b, + b,)
+b,b,(c, -c,) - b,c,(b, +b,) +b,(b,e, --b,e,)

2b,(b, - 2b,) b,b,(2b, -b, +b,) b,c,(b, +b,) - 21bj +2bj +bj) b,b,(b,-b,) 4b2(b).c, -b1("3) 2b,(b, - 2b,) -b,b,(2b,+b, -b,) b,(b,c,-b,c,)
+b,(b 1 ,', -b)c2 ) +h t b3(cl ~('3) -b,e,lb, +b,)

-- -----
2b,(b, -2b,) - b,b,(2b, +b, - b,) b,(h 2cJ -- hle2) 2b,(b, - 2b,) b,b,(2b,-b,+b,) b,e,(b, +b,) - 2(bj + bj + 2bj) b,b,(b,-b,) 4b,(b,c, -b,c,)

- b,c,(b, +b,) +b1(bzc\ -bit) +b,b,(c, -c,)

-2(2d +ci+d) 4c t (bJ-c:z -b2(3) (2C3«('3- C2) 2CZ(C2- 2c d c1(b\c 3 -b l cZ) - c2cJ{2c2+ CJ - ('1) 2c,(c,-2c,) bz(.'J(cz +C3} c2cJ(2C.l~Cl+C 2 )

+C 2c3(b 3 -b2 ) ~b3C2(C2 +c3 ) +"J(hle) -b\Cl)

2c ,Ic, - 2c,) b,C1(C l +( 3) C1C3(lc 1-cZ+C3) -2(ci+2d+d) 4c,(b,e,-b,c,) C,C3("1 -(3 ) 2C J(c3- 2cl) c3(h;l,c,-b,c]) -c\c3(2c3+CI-C2 )

+c,{b3C l-b:t. c ) +c,c,(b,-b,) -b.e)(c, +C3)
--

2c,(c,-2c,) e,(b 3c2 ~b2Cd c,CZ(c3- 1c\-cz) 2c,(c,-2c,) b,c2(c. +C 1) c,c2(2c 2 -C 3 +C,) -2(d+d+2c~) 4c,(b,c, - b,e,) c,e2kz -el)
-b1ct{l:j +(2 ) +c2.(b 1(2 - h3c 1} +e,e,(b,-b,)

-2(2h 1c, +b2 C 2+ bJC J ) !b,c,14b, - b, +b,) !b 2c3(4c, -('2+('3) 2(bzc2 -btC2 -b 2c l ) !b1CJ(b l -b3) !b,c,lc, -c,) 2(b]c) - b1e3 - bled !b,c,(4b, +b, -b,) !b3C2(4c3 +C2 -Cl)
-!b,c,(4b, +b, -b,) -tbjCl(4c. +c2 -c j ) -!bjez(4b2 +b J - hi) -~blCj{4{>2 +Cj -Cl) +!b,c,(b, -b,) +!bzcJ(c;a -c,)

2(b,c, -b,c,-b,c,) !b,c,(4b, -b, +b,) !btcJ(4Ct + cJ- C2) - 2(b,c, +2b,c, +b,c,) !b,c,(4b, -b, +b,) !b 3('t{4c z -c3 +cd 2(b jc) -bIc) - b]cz) !b,c,(b, -btl -!b t C](Cl- Ct)

+!b t C l(b 3 -b1 } +!b3cl(cJ~~c2) -!b,c,(4b,+b, -b,) -jb t c3(4cz +c l -c.) -!b,c,(4b,+b,-b,) -!b3Cl(4c3c. -ez)

2(b tcj-b t c3 -b3c.) !b,c,(b, - b,) !b1c t (C3- CZ) 2(bzcz - b3C2 -bIe]) !b,c,(4b, +b,-b,) !b 2c.(4cz +ct- C3) -2(b1Cl + b1Cz + 2b3cZ ) !b,c,(4b,-b, +b,) !b1CI{4c3-Cl +C2)
-!b,c,(4b, +b, -b,) ~ib!C2(4cl+C 2 -.(']) +!b,c,(b,-b,) +tb,czkt -('3) -!b,c,14b,+b,-b,) -!b2C1(4<:3 +c. -e3 )

ht = Yz~ Y3
hI = Yl-Yl
b3 = Yt ~Y2

Ct = X)-X2

C2 = Xl-X]

C3 = XZ-Xl

e
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20d
+ 2(t, + t3H6d + t~ +d)
+6t,(d+t,t3+dl

4t~

+ (2t, + t 3H3d + dl
+ 2t ,(3t~ +2t ,t3 + dl
+ d(4t 2 +3( 3 )

4d
+(2t 3 +t,)(3tt + d)
+2t ,(t~ + 2t,t 3+ 3d)
+d(3t, +4t 3)

l-l. A. SLYPER

TABLE 2. MATRIX R

4t,'
+(2t2 +(3)(3d +t~)

+ 2t ,(3t~ + 2t,t 3 +dl
+ d(4t 2 +3( 3 )

20t5
+2(t, +( 3 )(d +6d +t~l
+6t,(tt+t,t3 +d)

413
+(t,+2t,Hd+3d)
+ 2t 3(tt + 2t, t, + 3t~)
+d(3t, +4( 2 )

THE MASS MATRIX

4ti
+(2t3 +(2)(3d +dl
+ 2t ,(t~ + 2t2t 3+ 3d)
+t~(3t2+4t3)

4d
+(t,+2t,Hd+3d)
+2t3(tI + 2t 1t, +3d)
+d(3t, +4t2)

20d
+ 2(t, + t,)(d +d + 6d)
+ 6t 3(ti +tIt 2 + t~)

The mass matrix for the element may also be derived in the manner described by
Zienkiewicz [5]. He indicated that it may be denoted by the expression:

M = f [NYp[N] d(vol).

Column matrix N contains the shape functions defining the displacement of a point x, y
in the element in terms of the nodal displacements while p is the density of the material
of the plate. It is now assumed that the thickness t varies linearly within the triangular
element and the same displacement function is employed. The mass matrix as given in
Table 3 is then obtained.

VIBRATIONS OF TAPERED PLATES

The individual stiffness and mass matrices for each triangular element in the plate
are combined with adjacent elements to obtain the overall stiffness matrix (S) and mass
matrix (M) for the system (5). Each eigenvalue (It) is then obtained from the equation

S;) = AMD

where ;) is the associated eigenvector containing the three displacements for each grid
point in the plate.

As an example, the frequencies of vibration and modal patterns are calculated for the
square cantilever plate of wedge cross-section shown in Fig. 2. The plan area of the plate
is divided into 3 x 3 and alternatively 5 x 5 square grid systems, the squares being sub­
divided into two triangles as shown in mode 1 of Fig. 3.

The frequencies obtained in the present computation are compared with the experi­
mental and calculated results given by Dawe [3] for a rectangular element having a linear
thickness variation parallel to one pair of sides only. The frequencies are quoted in Table 4
as dimensionless quantities and the percentage differences between calculated and
experimental values are given. For the 5 x 5 grid system the maximum error in frequency
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Material
Yaung's modulus
Poisson's rotio
Density

Steel
29'5 xlO G lbf/in2

0·285
0'283 lbl in 3

FIG. 2. Square cantilever plate with wedge cross-section.
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FIG. 3. Mode patterns.
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TABLE 3. MASS MATRIX M

1824t l +5401 2 + 5401 3

b,(l77l, + 85'51, + 49,51,)
- b,(l77', + 49'51, + 85,51,)

H. A. SLYPER

h~(24'5l1+ 15-5(2+6'5(3)
+ bj(24'51, + 6'51, + 15'51,1
- 2b~b3(14'5tl + 71 2 + 71))

p!'.

Isilo

e,(l771, + 85,51, +49,51,)
-e,(1771, +49'51, + 85'51,)

b,l421, +40,51,+31'51,1
- b,(931, + 76'51, + 34'51,)

c,(421, + 40'51, + 31'51,1
- ",(931, + 76'51, + 34,51,)

b j Cj(24'5t 1+ 15'5c 2 +6'5(31
+bzC'2(24·5t 1+ 6'51 2 + IS'Sf])
- (h 2e] + b3cZ ){14'SI I + 7t 2

+71,)

b,(76'51, +931,+34'51,)
~bl{40'5tl+42t2 + 31-5(3)

b\h j (6'5t t +8'2+5(3)
- b,bz{S·5t t + j'Se1+ j'Se J)

- b~(l6l1 + 161 2 + 5-5(j)
+b zb](8t] +6'5t z +5t)}

b]c ,(6'5c t +8(2+5/3)

- hIe i(S'Sf 1 + 5-51 2 + 5.5( 3 )

- b3('3(l6t 1+ 16t 2 + 5'S!])
+h 1C'3(8t l +6'5c2 +5(3)

n3(40'5t\ +31'51 2 +42( 3 )

- b,(76'51, + 34,51, + 931,1

ch24'St I + IS,Sf 2 + 6'St])
+d(24-St 1 +6·5[2+ 15'5t))
- 21'2c 3(l4-5r I + 7t 2 +7( 3 )

c,(76'Sc t +9Jt 2 + 34'S! J)
. -c2(4O'5(1 +42t2 +31'5c j )

bjC3(6-5tt +8(2+5(3)

-0]c)(16c 1 +16l1 +S-St j )

-" h t('2(S'Se 1 + 5'S, 2 + j·Sc])
+b3Cl(8t\ +6.51 2 +51))

C 1c 3(6-51 1 +81 2 +5( 3 )

- c IC2(5'5t \ + 5'51 2 + 5-5l)}
- d061 1 + 161 2 +5·5t 3 )

+C l C3(8t 1 +6-5t 2 +5( 3)

("3(40-5t 1 + 31'5£2 +42£31
-c,(76'51, +3451,+931,)

540t t + 18241 2 +5401)

b,l49'51, + 1771, + 85'51,1
- b,(85'51, + 1771, +49,51,1

cd49-51 1 + 1771 2 +85'51 3)

.- (")(85'5c 1 + l77t 2 + 49-51.d

204£ 1 + 4321 2 + 432t]

--------~._-------------------------...
b,(931, +34'5',+76'51,)

-b,(421, + 31'51, +40'51,)

e,(931, +34'5., + 76·5.,)
c\(42t 1 +31-5r 2 +40-51 3 )

b2b3(8c 1 + 5c 2 + 6-5( 3 )

-b 1h3 (S-5r 1 +5-5c 2 +5'5( 3 )

-b~(l611 +5'51 2 + 161 3 )

+b 1h2 (6'St l +5'2+ 8( 3)

b 3c1(8t\ +5t 2 +6·5t.ll
-b 2c 2(161 J +S·51 2 + 16f3 )

~b3cdS'511 +5'51 2 +5-51 3)
+b2 c J(6'51\ +51 2 +81 3 )

n1C3(8t 1 + 51 2 + 6'51 3 )

- 0 1(3(5'St J + 5-5t 2 + S'5( 3 )

-'01(2(16c, +5-512+ 16( 3)
+b1C2(6-51, +5t2+8t.~)

C2C3(S'1 +5t 2 +6'5( 3 )

--("lc3(5'51, +5-5t 2 +5'51."
~d(l6lt +5.51 1 + 16t))
+-c'("2(6-51, +51 2 +8'3)

h2(31'51 J +42t 2 + 40-51 3 )

--n l (34-5c 1 +931 2 + 76'5c])

(1(31·51, +4212 +40-5t,\)
-c\(34'51 1 +93'2 + 76-51 3 1
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SYMMETRIC

b7(6-Sr l +24-5(2+ 15·5(3)
+ bj(1S-S', + 24-S(, + 6-S(,)
- 2b,b,(7(, + 14-S(, + 7(,)
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b,<,,{6-S', + 24-S', + IS-S',)
+b3<:,)05·5c 1 + 24-5t2 +6-5(3)

-(b3c1 +b t( 3)(71 j

+ 14-S1,+ 7',)

b,(34-S(, + 76-S(, + 93(,)
-b,(31-S(, + 4O-S(, +42',)

b,b,(S" +6-S(,+Rr,)
-b,6,{S-S', +S-S,,+S-SI,)
-b;IS-SI, +161,+16',)
+6,b,IS', +8',+6-S1,)

b 1f;z(5l j +6-5(2+ 8l3)
- 6,c,(5-S', + 5-S(, + S-5(,)
-b,c,(5-5', + 16', + 16',)
+6,c,(5', +R',+6-5',)

d{6-S', + 24-SI, + IS-SI,)
+dfJ5·5t 1 + 24·5t z+6'5t 3}

- 2c j c3(7t j + 14·5t z +7tl)

c,(34-5', + 76-5', +93',)
- c,131-5', +4O-S', +42,,)

b2Ct(5t 1+6-512 + 8t 3 )

+6,c,(S-SI, + 16', +16,,)
-6,<,(S-SI, +5-51, +5-51,)
+b,<,(51, +8', +6-51,)

c 1c.z{5t t +6-512 +81 3 )

-clc}(5·5t 1+ 5'Sc z + 5'5( 3 )

-d(5-5', + 16', + 16',)
+c 1c3(5t t +8'2+6-5(3)

540', + 540,z+ 1824(,

b,(8S-51, + 49-5', + J77',)
-6,(49-S', +85-S',+ 177',)

c,(85-S', +49-5', + 1771,)
-c,(49-S', + 8S-5(, + 177(,)

bi(1S-S(, + 6-5" + 24-5(,)
+6;(6-S(, + 15-5(, +24-S(,)
- 26,6,(7', + 71, + 14-5',)

b,c,(15-5(, +6-5(, + 24-S(,)
+b,c,(6-5(, + 15-5,,+24-5',)
-(b,c, +b,c, )(7', +7(,
+ 14-5(,)

ci(IS-SI, + 6-S(, + 24-S',)
+d(6-s" + IS-S',+24-SI,)
-2CtCl(7c\ + 7r 2 + 14'5c 3)



TABLE 4. FREQUENCIES OF SQUARE CANTILEVER PLATE OF WEDGE CROSS-SECTION

N
.I:­
00

3 x 3 grid

36 x 36

Dimensionless frequency (IX)

Finite element

Mode Test 3 x 3 grid 5 x 5 grid
No.

Dawe
Dawe Slyper stepped Dawe Slyper Dawe

I 2·302 2·386 2-394 2-385 2·382 2-394 +3·6
2 5·566 5·722 5·881 5-469 5-718 5·834 +2·8
3 10·69 11'02 11·68 10·21 10-62 10·85 +3-1
4 14·51 13·99 15·29 11·50 14·38 15·08 -3·6
5 16·25 16·56 16-67 15·42 16·40 16'69 + 1·9
6 18·38 20·11 20'82 17'58 17·97 19'50 +9-4
7 24-98 24·51 26·58 22-22 24·19 25·80 -1·9
8 25-59 33·10 32·15 26·60 25·97 27'19 +29·3
9 29·28 28-43 30·18
10 32-31 30-98 33'83
11 33'26 35-88 36-39
12 39'40 38·21 41.10

Size of matrix

Percentage difference

Dawe
Slyper stepped
~---~-

+4·3 +3·6
+5·7 -1'8
+9'3 -3-9
+5-4 -20,7
+2·6 -5·1

+ 13-3 -4'3
+6'4 -II·!

+25·7 +3·9

5 x 5 grid

Dawe Slyper

+3'4 +4-3
+2·7 +4·8 ::t
-0,7 + 1-5 p
-0,9 +3-9 c.n
+0'9 +2·7 t""'

"<-2,2 +6·1 "<l
ttl

-3,2 +3-3 '"
+!·5 +6-2
-2·9 +3·!
-4'! +4·7
+7·9 +9-4
-3·0 +4·3

90x 90

IX = r/.JfDlphL 4)

where r = angular frequency
D = flexural rigidity Eh3/[12(J _1'2)]

h = maximum plate thickness
L = plate length
I' = Poisson's ratio

E = Young's modulus
p = density
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for the first ten modes of vibration is 6·2 % for the triangular element compared with
4·1 % for the rectangle. However, the error range for the triangle is only 4'7% compared
with 7·5 % for the rectangular element.

The errors in the frequency calculations for the 3 x 3 grid system are higher than
those obtained with the finer mesh. For comparison, the rectangular elements have been
replaced by their equivalent of constant thickness [3]. The results for this "stepped"
plate are also compared with the new formulation and appear to be particularly poor when
calculating the "tram-line" type modes 4 and 7.

In Fig. 3 the calculated modal patterns for the first twelve critical frequencies are com­
pared with those obtained experimentally. Correlation is generally good for the first
seven modes of vibration but tends to be poor for modes 8, 10 and 11. Also indicated in the
figure are the calculated results for the square element showing that the triangle is as
accurate as the rectangular element in addition to being more general in application.

CONCLUSION

The results obtained by the use of this triangular element with linear thickness variation
are satisfactory and should be suitable for problems dealing with plates and shells of
non-uniform thickness.
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A6cTpaKT-npeACTaBJllIIOTCli B lIBHOM BHAe MaTpHlIl>I Ko3l/l4JHlIHeHToB IIoIIepe'fHoll. lICecTKOCTH H3rH6a H
MaCCI>I AJllI TpexyroJlI>Horo KOHe'fHOrO 3J1eMeHTa, o6J1aAalOlI.\erO JlHHeitHl>lM H3MeHeHHeM TOJIlI.\HHI>I. 3TOT
3JIeMeHT lIB:rIlieTCli 60Jlee IIOAXOAlIlI.\HM AJllI o6lI.\ero IIpHMeHeHHH no cpasHeHHIO C TpexyroJlbHbIMH H
IIpliMoyroJlI>HblMH 3J1eMeHTaMH, OIIHcaHHbIMH paHI>We, AJllI onpeAeJleHHlI CTaTH'fecKHX IIporH60B H
BH6pallHOHHI>IX xapaKTepHcTHK IIOIIepe'fHO H3rH6aeMI>IX IIJlaCTHHOK.

npHMeHlIlOTcli MaTpHlIl>I AJllI OIIpeAeJleHHlI C06CTBeHHblX 'faCTOK BH6pallHH KOHCOJlH, KBaApaTHoll. B
nJlaHe, HMelOlI.\ell. TpexyroJlbHoe nOnepe'fHoe Ce'feHHe.


